Abstract. Let k be a base field of positive characteristic. Making use of topological periodic cyclic homology, we start by proving that the category of noncommutative numerical motives over k is abelian semi-simple, as conjectured by Kontsevich. Then, we establish a far-reaching noncommutative generalization of the Weil conjectures, originally proved by Dwork and Grothendieck. In the same vein, we establish a far-reaching noncommutative generalization of the cohomological interpretations of the Hasse-Weil zeta function in terms of topological periodic cyclic homology, originally proven by Hesselholt. As a third main result, we prove that the numerical Grothendieck group of every smooth proper dg category is a finitely generated free abelian group. Then, we introduce the noncommutative motivic Galois (super-)groups and, following an insight of Kontsevich, relate them to their classical commutative counterparts. Finally, we explain how the motivic measure induced by Berthelot's rigid cohomology theory can be recovered from noncommutative motives.
1.1. Dg categories. Let C(k) the category of complexes of k-vector spaces. A differential graded (=dg) category A is a category enriched over C(k) and a dg functor F : A → B is a functor enriched over C(k); consult Keller's ICM survey [26] . In what follows, we write dgcat(k) for the category of small dg categories.
Every (dg) k-algebra A gives naturally rise to a dg category with a single object. Another source of examples is proved by k-schemes (or, more generally, by algebraic k-stacks) since the category of perfect complexes perf(X) of every k-scheme X admits a canonical dg enhancement 1 perf dg (X); see [26, §4.6] . Let A be a dg category. The opposite dg category A op , resp. category H 0 (A), has the same objects as A and A op (x, y) := A(y, x), resp. H 0 (A)(x, y) := H 0 A(x, y). A right dg A-module is a dg functor M : A op → C dg (k) with values in the dg category C dg (k) of complexes of k-vector spaces. Let us write C(A) for the category of right dg A-modules. Following [26, §3.2] , the derived category D(A) of A is defined as the localization of C(A) with respect to the objectwise quasi-isomorphisms. In what follows, we write D c (A) for the triangulated subcategory of compact objects.
A dg functor F : A → B is called a Morita equivalence if it induces an equivalence between derived categories D(A) ≃ D(B); see [26, §4.6] . As explained in [43, §1.6] , the category dgcat(k) admits a Quillen model structure whose weak equivalences are the Morita equivalences. Let Hmo(k) be the associated homotopy category.
The tensor product A⊗B of dg categories is defined as follows: the set of objects is the cartesian product and (A ⊗ B)((x, w), (y, z)) := A(x, y) ⊗ B(w, z). As explained in [26, §2.3] , this construction gives rise to a symmetric monoidal structure − ⊗ − on dgcat(k), which descends to the homotopy category Hmo(k).
A dg A-B-bimodule is a dg functor B : A ⊗ B op → C dg (k) or, equivalently, a right dg (A op ⊗ B)-module. A standard example is the dg A-B-bimodule Finally, recall from Kontsevich [30, 31, 32] that a dg category A is called smooth if the dg A-A-bimodule id B belongs to the triangulated category D c (A op ⊗ A) and proper if i dim H i A(x, y) < ∞ for any ordered pair of objects (x, y). Examples include the finite dimensional k-algebras of finite global dimension A (when k is perfect) as well as the dg categories perf dg (X) associated to smooth proper kschemes X (or, more generally, to smooth proper algebraic k-stacks). As proved in [43, Thm. 1.43] , the smooth proper dg categories can be characterized as the dualizable objects of the symmetric monoidal category Hmo(k). Moreover, the dual of a smooth proper dg category A is its opposite dg category A op .
1.2.
Noncommutative motives. For a book, resp. recent survey, on noncommutative motives, we invite the reader to consult [43] , resp. [42] . As explained in [43, §1.6.3] , given dg categories A and B, there is a natural bijection between Hom Hmo(k) (A, B) and the set of isomorphism classes of the category rep(A, B). Moreover, under this bijection, the composition law of Hmo(k) corresponds to the derived tensor product of bimodules. Since the dg A-B bimodules 1.2.1. Noncommutative Chow motives. The category of noncommutative Chow motives NChow(k) R is defined as the idempotent completion of the full subcategory of Hmo 0 (k) R consisting of the objects U (A) R with A a smooth proper dg category. By construction, this category is R-linear, additive, idempotent complete, and symmetric monoidal. Since the smooth proper dg categories are the dualizable objects of the symmetric monoidal category Hmo(k), the category NChow(k) R is moreover rigid, i.e., all its objects are dualizable. Let us denote by (−)
∨ the associated (contravariant) duality functor. Given dg categories A and B, with A smooth proper, we have an equivalence of categories rep(A, B) ≃ D c (A op ⊗ B); see [43, Cor. 1.44] . Consequently, we obtain the following isomorphisms:
When R = Z, we write NChow(k) instead of NChow(k) Z and U instead of U (−) Z .
Noncommutative numerical motives.
Given an R-linear, additive, rigid symmetric monoidal category (D, ⊗, 1), its N -ideal is defined as follows
where tr(g • f ) stands for the categorical trace of g • f . The category of noncommutative numerical motives NNum(k) R is defined 2 as the idempotent completion of the quotient of NChow(k) R by the ⊗-ideal N . By construction, NNum(k) R is R-linear, additive, idempotent complete, and rigid symmetric monoidal.
1.3. Orbit categories. Let R be a commutative ring of coefficients and (D, ⊗, 1) a R-linear, additive, rigid symmetric monoidal category equipped with a ⊗-invertible object O ∈ D. The orbit category D/ −⊗O has the same objects as D and morphisms
Given objects a, b, c and morphisms
where f 0 = f and f n = 0 if n = 0, is endowed with an isomorphism γ • (− ⊗ O) ⇒ γ and is 2-universal among all such functors. By construction, the category D/ −⊗O is R-linear and additive. Moreover, it inherits naturally from D a (rigid) symmetric monoidal structure making the above functor (1.6) symmetric monoidal.
Topological periodic cyclic homology
In this section we assume that k is perfect. Thanks to the work of Hesselholt [22, §4] , topological periodic cyclic homology T P , which is defined as the Tate cohomology of the circle group acting on topological Hochschild homology T HH, yields a lax symmetric monoidal functor
with values in the category of Z/2-graded K-vector spaces. Moreover, thanks to the work of Scholze (see [45, Thm. 5.2] ), given a smooth proper k-scheme X, we have a natural isomorphism of (finite dimensional) Z/2-graded K-vector spaces
where H * crys (X) := H * crys (X/W (k)) ⊗ W (k) K stands for crystalline cohomology. Theorem 2.3. When F ⊆ K, resp. K ⊆ F , the lax symmetric monoidal functor (2.1) gives rise to a F -linear symmetric monoidal functor
resp. to a F -linear symmetric monoidal functor
with values in the category of finite dimensional Z/2-graded K-vector spaces, resp. finite dimensional Z/2-graded F -vector spaces.
Proof. Recall from [9] that a semi-orthogonal decomposition of a triangulated category T , denoted by T = T 1 , T 2 , consists of full triangulated subcategories T 1 , T 2 ⊆ T satisfying the following conditions: the inclusions T 1 , T 2 ⊆ T admit left and right adjoints; the triangulated category T is generated by the objects of T 1 and T 2 ; and Hom T (T 2 , T 1 ) = 0. A functor E : dgcat(k) → D, with values in an additive category, is called an additive invariant if it satisfies the following conditions: (i) It sends the Morita equivalences (see §1.1) to isomorphisms.
As explained in [43, §2.3] , the functor U (−) R : dgcat(k) → Hmo 0 (k) R is the universal additive invariant, i.e., given any R-linear, additive, symmetric monoidal category D, we have an induced equivalence of categories
, where the left-hand side denotes the category of R-linear lax symmetric monoidal functors and the right-hand side the category of lax symmetric monoidal additive invariants. Since topological Hochschild homology T HH is a lax symmetric monoidal additive invariant (see [43, §2.2.12] ), it follows from the exactness of the Tate construction that the above functor (2.1) is also a lax symmetric monoidal additive invariant. Consequently, making use of the field extension F ⊆ K, resp. K ⊆ F , and of the equivalence of categories (2.6), we conclude that the functor (2.1), resp. T P ± (−) 1/p ⊗ k F , gives rise to a F -linear lax symmetric monoidal functor
resp. to a F -linear lax symmetric monoidal functor (2.8)
Given smooth proper dg categories A and B, it is proved in [7, Thm. A] that the natural morphism of T P (k)-modules
is a weak equivalence. Consequently, the induced morphism of T P (k) 1/p -modules
is also a weak equivalence. Making use of the (convergent) Tor spectral sequence
and of the computation T P * (k) 1/p ≃ Sym K {v ±1 }, where the divided Bott element v is of degree −2 (see [22, §4] ), we hence conclude that (2.9) yields an isomorphism of Z/2-graded K-vector spaces T P ± (A) 1/p ⊗ T P ± (B) 1/p ≃ T P ± (A ⊗ B) 1/p . By definition of the category of noncommutative Chow motives, this implies that (2.7), resp. (2.8), gives rise to a F -linear symmetric monoidal functor (2.10)
Finally, since the category NChow(k) F is rigid and the dualizable objects of the category Vect Z/2 (K), resp. Vect Z/2 (F ), are the finite dimensional Z/2-graded Kvector spaces, resp. Z/2-graded F -vector spaces, the symmetric monoidal functor (2.10), resp. (2.11), takes values in vect Z/2 (K), resp. vect Z/2 (F ).
2.1. Noncommutative homological motives. Assume that F ⊆ K, resp. F ⊆ K. Under these assumptions, the category of noncommutative homological motives NHom(k) F is defined as the idempotent completion of the quotient of the category NChow(k) F by the kernel of the F -linear symmetric monoidal functor (2.4), resp. (2.5). By construction, NHom(k) F is F -linear, additive, idempotent complete, and rigid symmetric monoidal. Moreover, we have canonical (quotient) functors:
Semi-simplicity
Recall from §1.2.2 the definition of the category of noncommutative numerical motives NNum(k) F . Our first main result is the following: Theorem 3.1. The category NNum(k) F is abelian semi-simple.
Assuming certain (polarization) conjectures, Kontsevich conjectured in his seminal talk [32] that the category of noncommutative numerical motives NNum(k) F was abelian semi-simple. Theorem 3.1 not only proves this conjecture but moreover shows that Kontsevich's insight holds unconditionally.
Let Num(k) F be the classical category of numerical motives; see [1, §4] . Assuming certain (standard) conjectures, Grothendieck conjectured in the sixties that the category Num(k) F was abelian semi-simple. This conjecture was proved (unconditionally) by Jannsen [23] in the nineties usingétale cohomology. Corollary 3.2 provides us with an alternative proof of Grothendieck's conjecture.
Proof of Theorem 3.1. We assume first that k is perfect. Let F ⊆ F ′ be a field extension. As proved in [43, Lem. 4.29] , if the category NNum(k) F is abelian semisimple, then the category NNum(k) F ′ is also semi-simple. Hence, we can assume without loss of generality that F = Q. Since K is of characteristic zero, Theorem 2.3 provides us with a Q-linear symmetric monoidal functor
Clearly, the K-linear category vect Z/2 (K) is rigid symmetric monoidal and satisfies the conditions (i)-(ii) of Proposition 3.4 below. Moreover, thanks to (1.5), we have . Under these assumptions, the idempotent completion of the quotient of D by the ⊗-ideal N is an abelian semi-simple category.
Let us assume now that k is arbitrary. As explained in [43, §4.10.2], base-change along the field extension k ⊆ k perf , where k perf stands for the perfect closure of k, yields a F -linear symmetric monoidal functor
Therefore, since k perf is a perfect field, by applying Proposition 3.4 to the following F -linear symmetric monoidal functor
we conclude from above that the category NNum(k) F is abelian semi-simple. 
where SmProp(k) stands for the category of smooth proper k-schemes, dgcat sp (k) stands for the category of smooth proper dg categories, and Chow(k) F / −⊗F (1) stands for the orbit category (see §1.3) with respect to the Tate motive F (1). Therefore, by applying Proposition 3.4 to the F -linear symmetric monoidal functor
we conclude from Theorem 3.1 that the category Num(k) F (defined as the idempotent completion of the quotient Chow(k) F /N ) is abelian semi-simple. 
Zeta functions of endomorphisms
Let NM ∈ NChow(k) Q be a noncommutative Chow motive and f : NM → NM an endomorphism. Following Kahn [24, §3] , the zeta function of f is defined as the following formal power series
where f •n stands for the composition of f with itself n-times, tr(f •n ) ∈ Q stands for the categorical trace of f
•n , and exp(t) := m≥0 
where 
In the same vein, given integers p and q = 0, A is called 
Example 4.5 (Classical zeta functions). Let k = F q be a finite field and X a smooth proper k-scheme. Consider the noncommutative Chow motive NM := U (perf dg (X)) Q and the endomorphism f := U (Fr * ) Q , where Fr stands for the Frobenius endomorphism of X and Fr * : perf dg (X) → perf dg (X) for the associated pull-back dg functor. In this particular case, we have tr(f
the transpose of the graph of Fr
•n and t Γ Fr •n , ∆ is the intersection number of t Γ Fr •n with the diagonal ∆ of X × X. Consequently, the above formal power series (4.1) reduces to the classical zeta function Z X (t) := exp( n≥1 #X(F q n ) t n n ) of X. Example 4.6 (L-functions). Let k = F q be a finite field, G a finite group, X a smooth proper k-scheme equipped with a G-action, and χ a complex character of G. Consider the noncommutative Chow motive NM := eU (perf dg (X)) C , where e stands for the idempotent
* ) C , and the endomorphism f := eU (Fr * ) C . In this particular case, we have
where Fix((g · −)
• Fr 
Note that when G is trivial, the L-function L X,G,χ (t) reduces to the zeta function Z X (t) because the subset of X(k) which is fixed by Fr •n agrees with X(F q n ). Moreover, when χ is trivial, the associated L-function L X,G (t) belongs to Q t . 
where G/∼ stands for a (chosen) set of representatives of the conjugacy classes of G, C(g) stands for the centralizer of g, and (h · −) |X g and Fr
•n |X g stand for the restrictions of the endomorphisms (h · −) and Fr
•n of X to the closed subscheme X g . Consequently, the above formal power series (4.1) reduces to the following sum of classical non-abelian L-functions g∈G/∼ L X g ,C(g) (t). [21] the definition of the ring of (big) Witt vectors W(Q) = (1 + tQ t , ·, * ). Since the leading term of the formal power series (4.1) is equal to 1, the zeta function Z(f; t) of f belongs to W(Q). Moreover, given endomorphisms f and f ′ of noncommutative Chow motives NM and 
Remark 4.8 (Witt vectors). Recall from
Let NM ∈ NChow(k) Q be a noncommutative Chow motive. Thanks to Theorem 3.1, B := End NNum(k) Q (NM ) is a finite dimensional semi-simple Q-algebra; let us write e i ∈ B for the central idempotent corresponding to the summand B i . Given
µi , where µ i ∈ Z stands for the quotient
δidi . Note that the preceding definition of determinant is "intrinsic", i.e., it does not uses any "external" invariant. Our second main result is the following: Theorem 4.10. (i) The formal power series Z(f; t) ∈ Q t is rational, i.e., Z(f; t) = p(t) q(t) with p(t), q(t) ∈ Q[t]. Moreover, we have deg(q(t)) − deg(p(t)) = tr(id NM ).
(ii) When f is invertible, we have the following functional equation
where (−) ∨ stands for the duality functor of the rigid symmetric monoidal category NChow(k) Q ; see §1.2.1. Moreover, we have the following equality:
Remark 4.13 (Characteristic zero). As pointed out by Kontsevich [33] , Theorem 4.10 holds similarly when k is of characteristic zero: replace the functor (2.4) by the periodic cyclic homology functor [36, §7] ) and run the same proof.
Proof. Thanks to the base-change functor (3.5) (with F = Q), the formal power series Z(f; t) ∈ Q t can be computed in NChow(k) Q or in NChow(k perf ) Q . Therefore, we can assume without loss of generality that k is perfect. In this case, Theorem 2.3 yields the following equality of formal power series:
Moreover, thanks to [39, Lem. 27.5], the right-hand side of (4.14) agrees with
Consequently, we obtain the following equality of formal power series:
This shows that Z(f; t) is rational as a formal power series with K-coefficients. Thanks to [39, Lem. 27.9] , Z(f; t) is also rational as a formal power series with Q-coefficients, i.e., Z(f; t) =
This proves item (i) because, thanks to Theorem 2.3, the right side of the preceding equality agrees with dim
Let us now prove item (ii). Note that the formal power series Z(f; t) can be computed in NChow(k) Q or in the abelian semi-simple category NNum(k) Q . Hence, the functional equation (4.11) follows from [24, Prop. 2.2 and Thm. 3.2] . In what concerns the equality (4.12), note first that (4.15) (with f and t replaced by (f −1 ) ∨ and t −1 , respectively) yields the following equality of formal power series:
Since the object NM ∈ NChow(k) Q is dualizable, it is well-known that the evaluation pairing ev(−, −) :
. By applying the symmetric monoidal functor (2.4) (with F = Q), we hence obtain the following commutative diagram of finite dimensional Z/2-graded K-vector spaces:
The pairing ev(−, −) in (4.17) is perfect. Therefore, making use of [20, App. C, Lem. 4.3], we observe that the numerator of the right-hand side of (4.16) is equal to
and, similarly, that the denominator of the right-hand side of (4.16) is equal to
Thanks to the equalities dim T P + (NM ) 1/p − dim T P − (NM ) 1/p = tr(id NM ) and (4.15), this implies the following functional equation:
Finally, by comparing the above two functional equations (4.11) and (4.18), we obtain the searched equality (4.12). Corollary 4.20 (Weil conjectures). Let k = F q be a finite field, X a smooth proper k-scheme X, and E := ∆, ∆ ∈ Z the self-intersection number.
Proof. Let NM and f be as in Example 4.5. Since tr(id NM ) = ∆, ∆ , the proof of item (i) follows from Theorem 4.10(i). In what concerns item (ii), note first that the natural isomorphism (2.2) yields the following equality:
.
Making use of [20, App. C, Lem. 4.3], we observe that the square of the right-hand side of (4.21) is equal to q dim(X)E . Consequently, (4.21) is equal to ±q
) (see Remark 4.8), the proof of item (ii) follows then from Theorem 4.10(ii).
Weil [49] conjectured
4 in the late fifties that the zeta function Z X (t) of X was rational and that it satisfied the functional equation
These conjectures were proved independently by Dwork [17] and Grothendieck [19] using p-adic analysis andétale cohomology, respectively. The above Corollary 4.20 provides us with an alternative proof of the Weil conjectures. Moreover, Theorem 4.10 (and Remark 4.13) establishes a far-reaching noncommutative generalization of Dwork's and Grothendieck's results.
Hasse-Weil zeta functions of endomorphisms. Let k = F q be a finite field. Let NM ∈ NChow(k) Q be a noncommutative Chow motive and f : NM → NM an endomorphism. The Hasse-Weil zeta function of f is defined as follows: 
, where x ∈ X is a(ny) pre-image of y, D x ⊂ G is the stabilizer of x, I x is the kernel of the canonical surjection D x ։ Gal(κ(x)/κ(y)), fr x is the Frobenius element of the Galois group Gal(κ(x)/κ(y)), and ρ χ is the complex representation associated to the character χ; consult Serre [41, §2.2] for further details. 
In what follows, we assume that the endomorphism f : NM → NM is invertible. Given an embedding ι : K ֒→ C, consider the induced automorphism of finite dimensional Z/2-graded C-vector spaces:
Recall from the multiplicative Jordan decomposition that θ + (f) = θ +,s (f) + θ +,u (f), where θ +,s (f), resp. θ +,u (f), is a semi-simple, resp. unipotent, matrix with complex coefficients. Let Θ + (f) := log q (θ +,s (f)) + log q (θ +,u (f)), where log q (θ +,s (f)) stands for the diagonal matrix obtained by applying the logarithmic function log q (−) (with respect to the principal branch ] − π, π]) to θ +,s (f), and log q (θ +,u (f)) stands for the matrix obtained by applying the convergent series 1 log(q) log(−) to θ +,u (f). Consider the infinite dimensional C-vector space T P even (NM ) 1/p ⊗ K,ι C defined as the following direct sum j∈Z (T P + (NM ) 1/p ⊗ K,ι C) and its endomorphism Θ even (f) defined as v → Θ + (f)(v) + ( 2πi log(q) ) j · v for every homogeneous vector v of degree j. In the same vein, consider the infinite dimensional C-vector space T P odd (NM ) 1/p ⊗ K,ι C and its endomorphism Θ odd (f).
By combining Corollary 4.26 with Deninger's theory of regularized determinants det ∞ (−) (consult [15, §1]), we obtain moreover the following cohomological interpretation of the Hasse-Weil zeta functions of endomorphisms:
Corollary 4.28 (Cohomological interpretation II).
When f is invertible, we have the following equality of meromorphic functions:
In the particular case of the classical Hasse-Weil zeta function ζ X (s) (see Example 4.23), the above cohomological interpretations (4.27) and (4.29) were originally established by Hesselholt in [22] . On the one hand, his proof of (4.27) was based on the combination of certain spectral sequences (the conjugate and the Hodge spectral sequences) with Berthelot's cohomological interpretation [6 Exponential growth rate. Let NM ∈ Chow(k) Q be a noncommutative Chow motive and f : NM → NM an endomorphism. Consider the associated sequence of rational numbers {|tr(f •n )|} n≥1 . Its exponential growth rate is defined as follows:
Given an embedding ι : K ֒→ C, consider the induced endomorphism of finite dimensional Z/2-graded C-vector spaces:
Let us write ρ + (f), resp. ρ − (f), for the spectral radius of θ + (f), resp. θ − (f).
Proposition 4.30. Assume that the endomorphisms θ + (f) and θ − (f) have different eigenvalues, with multiplicities, on the circle {λ ∈ C | |λ| = ρ(f)}, where ρ(f) := max{ρ + (f), ρ − (f)}. Under this assumption, the equality r(f) = log(ρ(f)) holds.
Note that the assumption of Proposition 4.30 holds "generically".
Proof. Following [16, Lem. 2.8], we have the following equality:
Hence, since tr(f
By applying the function log(−) to (4.31), we conclude that r(f) = log(ρ(f)).
Example 4.32 (Classical zeta functions). Let NM and f (and X) be as in Example 4.5. Thanks to the natural isomorphism (2.2) and to Deligne's proof of the analogue of the Riemann hypothesis (consult [14] ), we have ρ + (f) = ρ − (f) and ρ(f) = q dim(X) . Therefore, making use of Proposition 4.30, we conclude that
Example 4.33 (Calabi-Yau dg categories). Let NM and f (and A) be as in Example 4.4. In the case where A is d-Calabi-Yau, the associated sequence {|tr(f •n )|} n≥1 is constant. Similarly, in the case where A is p q -Calabi-Yau, the associated sequence {|tr(f •n )|} n≥1 is periodic. Consequently, in both these cases, we have r(f) = 0.
Numerical Grothendieck groups
Given a proper dg category A, its Grothendieck group K 0 (A) := K 0 (D c (A)) comes equipped with the following Euler pairing:
This bilinear pairing is, in general, not symmetric neither skew-symmetric. Nevertheless, when A is moreover smooth, the associated left and right kernels of χ(−, −) agree; see [43, Prop. 4.24] . Consequently, under these assumptions on A, we have a well-defined numerical Grothendieck group K 0 (A)/ ∼num := K 0 (A)/Ker(χ(−, −)). Our third main result is the following:
Theorem 5.1. K 0 (A)/ ∼num is a finitely generated free abelian group.
To the best of the author's knowledge, Theorem 5.1 is new is the literature. Among other applications, it allows us to remove the finite rank assumption from Kuznetsov's beautiful work [34] concerning surface-like categories.
Given a smooth proper k-scheme X, let us write Z * (X)/ ∼num for the (graded) group of algebraic cycles on X up to numerical equivalence. Corollary 5.2. Z * (X)/ ∼num is a finitely generated free abelian (graded) group.
Proof of Theorem 5.1. Note first that, by definition, the numerical Grothendieck group K 0 (A)/ ∼num is torsion-free. Therefore, in order to prove that K 0 (A)/ ∼num is a finitely generated free abelian group, it suffices to show that the Q-vector space K 0 (A)/ ∼num ⊗ Z Q is finite dimensional. Consider the following bilinear pairing:
. Under the isomorphisms (1.5), the bilinear pairing ϕ(−, −) corresponds to the following composition bilinear pairing (we removed the subscript(s) NChow(k)): 
where the latter isomorphism follows from the compatibility of the ⊗-ideal N with the change-of-coefficients along Z → Q; see [11, Prop. 1. 4.1 3) ]. Finally, since the category NNum(k) Q is abelian semi-simple (see Theorem 3.1), the Q-vector space (5.3) is finite dimensional. This concludes the proof. 
Proof. We address solely the item (i); the proof of the item (ii) is similar. Given an object y ∈ A and an integer n ∈ Z, consider the following right dg A-module:
Every right dg A-module M ∈ D c (A) is a retract of a finite homotopy colimit of right dg A-modules of the form y[n]. When M = y[n], we have:
In the same vein, when M = hocolim i∈I y i [n i ], we have natural isomorphisms
where in (5.6) we use the fact that the indexing category I is finite. The proof follows now from the fact that the k-linear duality (−) * preserves retracts.
Remark 5.7 (Kontsevich's noncommutative numerical motives). Recall from §1.2.2 that the symmetric monoidal category NNum(k) Q is rigid. Therefore, as the above proof of Theorem 5.1 shows (with Q replaced by F ), we have a natural isomorphism
for any two smooth proper dg categories A and B. This implies that we can alternatively define the category NNum(k) F as the idempotent completion of the quotient of NChow(k) F by the ⊗-ideal Ker(χ(−, −) ⊗ Z F ). This was the approach used by Kontsevich in his seminal talk [32] .
Proof of Corollary 5.2. Thanks to the Hirzebruch-Riemann-Roch theorem, the Chern character induces an isomorphism of Q-vector spaces:
Hence, by applying Theorem 5.1 to the dg category A = perf dg (X), we conclude that the right-hand side of (5.8) is a finite dimensional Q-vector space. The proof follows now from the fact that Z * (X)/ ∼num is a torsion-free abelian (graded) group. 
Noncommutative motivic Galois (super-)groups
We start by recalling the noncommutative counterparts of Grothendieck's standard conjectures of type C + and D.
Noncommutative standard conjectures of type C + and D. In this subsection we assume that k is perfect. Given a smooth proper k-scheme X, let us write π i X for the i th Künneth projector of the crystalline cohomology H * crys (X) of X, Z * (X) Q for the Q-vector space of algebraic cycles on X, and Z * (X) Q / ∼hom and Z * (X) Q / ∼num for the quotients of Z * (X) Q with respect to the homological and numerical equivalence relations, respectively. Following Grothendieck [18] (see also Kleiman [28, 29] ), the standard conjecture of type C + , denoted by C + (X), asserts that the Künneth projectors π 
Both these conjectures hold when dim(X) ≤ 2. Moreover, the standard conjecture of type C + holds for abelian varieties (see Kleiman [29, 2 . Appendix]) and also when k is finite (see ). In addition to these cases (and to some other scattered cases), the aforementioned important conjectures remain wide open.
Given a smooth proper dg category A, consider the Künneth projectors π A + and π A − of the Z/2-graded K-vector space T P ± (A) 1/p as well as the Q-vector spaces:
Under these notations, Grothendieck's standard conjectures of type C + and D admit the following noncommutative counterparts:
As proved in [45, Thm. 1.1], given a smooth proper k-scheme X, we have the equivalences of conjectures
. Intuitively speaking, this shows us that Grothendieck's standard conjectures of type C + and D belong not only to the realm of algebraic geometry but also to the broad setting of smooth proper dg categories.
(Super-)Tannakian categories. Recall from §1.2.2 the definition of the category of noncommutative numerical motives NNum(k) F . Note that this category is not Tannakian because the Euler characteristic of its objects is often negative. For example, given a smooth projective curve C of genus g, we have tr(id NM ) = 2 − 2g where NM := U (perf dg (C)) F . Theorem 6.1. (i) Assume that F ⊆ K, resp. K ⊆ F , and that the conjecture C + nc (A) holds for every smooth proper dg category A. Under these assumptions, the category NNum(k) F can be modified into a Tannakian category NNum † (k) F . Moreover, if the conjecture D nc (A) also holds for every smooth proper dg category A, then NNum † (k) F comes equipped with an explicit fiber functor given by topological periodic cyclic homology.
(ii) The category NNum(k) F is super-Tannakian in the sense of Deligne [12] . If F is algebraically closed, then NNum(k) F is moreover neutral super-Tannakian.
Proof. We start by proving item (i). We assume first that F ⊆ K. Thanks to conjecture C + nc (A), there exist endomorphisms of noncommutative homological motives π
Therefore, given dg categories A and B, we can modify the symmetry isomorphism constraint U (A) F ⊗ U (B) F ≃ U (B) F ⊗ U (A) F of the category NHom(k) F by precomposing it with the following morphism:
This modification naturally extends to every object of NHom(k) F and, following [2, Prop. 8.3.1], gives rise to a new rigid symmetric monoidal category NHom † (k) F . Moreover, the composed F -linear functor
becomes symmetric monoidal. Thanks to Proposition 6.4 below, this modification also yields a new rigid symmetric monoidal category NNum † (k) F . Let us now show that the category NNum † (k) F is Tannakian. By construction, NNum † (k) F is F -linear, additive, and rigid symmetric monoidal. Thanks to Theorem 3.1, it is moreover abelian semi-simple. Therefore, making use of Deligne's characterization of Tannakian categories (see [13, Thm. 7 .1]), it suffices to show that all the objects of NNum † (k) F have non-negative Euler characteristic. Let NM ∈ NNum † (k) F be a noncommutative numerical motive. On the one hand, Proposition 6.4 provides us with a noncommutative homological motive NM ′ ∈ NHom † (k) F such that tr(id NM ′ ) = tr(id NM ). On the other hand, since tr(id V ) ≥ 0 for every finite dimensional K-vector space V , the existence of the above composed F -linear functor (6.2) implies that tr(id NM ′ ) ≥ 0.
Let us assume now that the conjecture D nc (A) also holds for every smooth proper dg category A. Under this extra assumption, since NHom † (k) F and NNum † (k) F are rigid symmetric monoidal, the canonical functor NHom
F is an equivalence of categories. Consequently, the above composed functor (6.2) becomes a fiber functor of the Tannakian category NNum † (k) F . Finally, note that the proof of the case K ⊆ F is similar: replace the functor (2.4) by the functor (2.5) and run the same proof.
Let us now prove item (ii). By construction, the category NNum(k) F is F -linear, additive, and rigid symmetric monoidal. Thanks to Theorem 3.1, it is moreover abelian semi-simple. Hence, making use of Deligne's characterization of (neutral) super-Tannakian categories (see [12, Thm. 0.6] ), it suffices to show that the category NNum(k) F is Schur-finite. We assume first that k is perfect. In this case, since the category vect Z/2 (K) is Schur-finite and the induced F -linear functor
is faithful, the category NHom(k) F is also Schur-finite. By definition of NNum(k) F , this implies that the category NNum(k) F is also Schur-finite. Let us assume now that k is arbitrary. As explained in [43, §4.10.2] , the base-change functor (3.5) induces a functor − ⊗ k k perf : NNum(k) F → NNum(k perf ) F between the categories of noncommutative numerical motives. Moreover, since the field extension k ⊆ k perf is purely inseparable and F is of characteristic zero, the preceding functor is fullyfaithful; see [44, Prop. 4.11] . Therefore, using the fact that the field k perf is perfect, we conclude from above that the category NNum(k) F is Schur-finite. Proposition 6.4. Assume that F ⊆ K, resp. K ⊆ F , and that the conjecture C nc (A) holds for every smooth proper dg category A. Under these assumptions, the canonical functor NHom(k) F → NNum(k) F is essentially surjective.
Proof. Assume first that F ⊆ K. Recall that idempotents can be lifted along nilpotent ideals. Therefore, by definition of NNum(k) F , it suffices to show that, for every smooth proper dg category A, the kernel of the surjective homomorphism 
has a trivial categorical trace. Since the same conclusion holds with f replaced by f •n , and K is of characteristic zero, the aforementioned homomorphisms are necessarily nilpotent. Consequently, the proof follows now from the fact that the above functor (6.3) is faithful.
Finally, note that the proof of the case K ⊆ F is similar: replace the functor (2.4) by the functor (2.5) and run the same proof.
Corollary 6.5. (i) Assume that F ⊆ K, resp. K ⊆ F , and that the conjecture C + (X) holds for every smooth proper k-scheme X. Under these assumptions, the category of numerical motives Num(k) F can be modified into a Tannakian category Num † (k) F . Moreover, if the conjecture D(X) also holds for every smooth proper k-scheme X, then Num † (k) F comes equipped with an explicit fiber functor given by crystalline cohomology.
(ii) The category Num(k) F is super-Tannakian. If F is algebraically closed, then Num(k) F is moreover neutral super-Tannakian.
Proof. In what concerns item (i), note that the proof of Theorem 6.1(i) (and Proposition 6.4) holds similarly: replace the conjectures C + nc (A) and D nc (A) by the conjectures C + (X) and D(X), the categories NChow(k) F and NNum(k) F by the categories Chow(k) F and Num(k) F , the functor (2.4), resp. (2.5), by the composition
resp. by the composition
and Theorem 3.1 by Corollary 3.2. Note also that thanks to the natural isomorphism (2.2), the composition (6.6), resp. (6.7), corresponds to the functor that sends a Chow motive h(X) F to the finite dimensional Z2-graded K-vector space
Let us now prove item (ii). By construction, the category Num(k) F is F -linear, additive, and rigid symmetric monoidal. Thanks to Corollary 3.2, it is moreover abelian semi-simple. Therefore, similarly to the proof of Theorem 6.1(ii), it suffices to show that the category Num(k) F is Schur-finite. As explained in [43, §4.6] , the functor Φ in (3.6) descends to the categories of numerical motives. Therefore, we can consider the composition Φ • γ :
Since the F -linear symmetric monoidal functor γ, resp. Φ, is faithful, resp. fullyfaithful, and the category NNum(k) F is Schur-finite, we hence conclude that the category Num(k) F is also Schur-finite.
(Noncommutative) motivic Galois (super-)groups. Assume that F ⊆ K, resp. K ⊆ F , and that the conjectures C + nc (A) and D nc (A) hold for every smooth proper dg category A. By combining Theorem 6.1(i) with the Tannakian formalism applied to the fiber functor
resp. to the fiber functor
we obtain an affine group K-scheme, resp. affine group F -scheme, Gal(NNum † (k) F ) called the noncommutative motivic Galois group. Since the Tannakian category NNum † (k) F is not only abelian but moreover semi-simple, the noncommutative motivic Galois group is moreover pro-reductive, i.e., its unipotent radical is trivial. Similarly, since C commutative world which can be lifted to the noncommutative world are precisely those which become trivial when restricted to Tate motives.
Proof of Theorem 6.14. We start with a general result of independent interest. Let (D, ⊗, 1) be an F -linear, abelian semi-simple, rigid symmetric monoidal category equipped with a ⊗-invertible object O ∈ D. Consider the composition 
, the composition (6.15) induces the short exact sequence of affine group K-schemes, resp. F -schemes,
(ii) Assume that F is algebraically closed. Given a F -linear, faithful, symmetric monoidal functor ω : Idem(D/ −⊗O ) → vect Z/2 (F ), the composition (6.15) induces the short exact sequence of affine super-group F -schemes:
Proof. We start by proving item (i). We address solely the case F ⊆ K; the proof of the other case is similar. We claim first that the following affine group K-scheme Aut 
Moreover, since (γ • t)(O) ≃ 1 in the category Idem(D/ −⊗O ), the fiber functor t • ω • γ : O → vect(K) corresponds to the following composition (6.20) vect Z (F )
This implies our claim because it is well-known that the affine group K-scheme of ⊗-automorphisms of (6.20) is isomorphic to G m . We now claim that (6.17) is a short exact sequence. Since (γ • t)(O) ≃ 1 in the category Idem(D/ −⊗O ), the composition t * • γ * is trivial. Moreover, since the functor t is fully-faithful, the induced morphism t * is faithfully flat. Furthermore, since every object of Idem(D/ −⊗O ) is a direct summand of an object in the image of γ, the induced morphism γ * is a closed immersion. Therefore, it remains only to show that Ker(t * ) ⊆ Im(γ * ). Let η ∈ Ker(t * ). Concretely, η consists of a ⊗-automorphism of the fiber functor ω • γ such that η t(O) = id. By construction of the orbit category D/ −⊗O (see §1.3), the idempotent completion of η yields then a ⊗-automorphism of the fiber functor ω. This shows that η also belongs to Im(γ * ).
by the product of varieties. Although very important, the structure of K 0 Var(k) remains poorly understood. In order to capture some of its flavor, some motivic measures, i.e., ring homomorphisms µ : K 0 Var(k) → R, have been built. 
Consequently, we obtain the following motivic measure: , the functor Ψ induces a ring isomorphism K 0 (Chow(k) Q ) ≃ K 0 (DM gm (k) Q ). Hence, by combining the above considerations with the commutative diagram (3.6) (with F = Q), we obtain the following motivic measure:
Finally, note that, by construction, we have µ nc ([X]) = [U (perf dg (X)) Q ] for every smooth proper k-scheme X. This finishes the proof.
Our fifth main result is the following: Theorem 7.5. The following holds:
(i) The motivic measure µ # does not factors through µ nc .
(ii) The motivic measure µ rig factors through µ nc .
Theorem 7.5 shows us that in contrast with the "counting-of-points" procedure, the Euler characteristic of Berthelot's compactly supported rigid cohomology theory can still be recovered from noncommutative Chow motives.
Proof. Let P n be the n th projective space. On the one hand, following [4] , the category perf(P n ) admits a full exceptional collection of length n+1. As explained in the proof of Theorem 2.3, this implies that the noncommutative motive U (perf dg (P n )) Q is isomorphic to the direct sum U (k) ⊕n+1 Q . Consequently, [U (perf dg (P n )) Q ] = n + 1 in the Grothendieck group K 0 (NChow(k) Q ). On the other hand, since k = F q , we have #P n (k) = 1 + q + q 2 + · · · + q n in Z. Since n + 1 = 1 + q + q 2 + · · · + q n , this shows that the motivic measure µ # does not factors through µ nc .
Let us now prove item (ii). Note that since the functor (2.4) (with F = Q) is Q-linear and symmetric monoidal, it induces a ring homomorphism: (7.6) T P ± (−) 1/p : K 0 (NChow(k) Q ) −→ K 0 (vect Z/2 (K)) .
Moreover, we have the following canonical ring isomorphism:
Therefore, we can consider the following composition:
We claim that the motivic measure µ rig agrees with the composition of µ nc with (7.7). Since µ rig factors through the motivic measure (7.4) and, as explained in the proof of Proposition 7.3, we have an isomorphism K 0 (Chow(k) Q ) ≃ K 0 (DM gm (k) Q ), it suffices to consider the case where X is a smooth proper k-scheme. On the one hand, since X is smooth and proper, we have where H * crys (X) stands for the crystalline cohomology of X. On the other hand, thanks to the natural isomorphism (2.2), the image of [U (perf dg (X)) Q ] under the above composition (7.7) also agrees with i (−1)
i dim H i crys (X). Remark 7.9. Intuitively speaking, the above proof of item (i) shows us that in the particular case of a finite field k = F q the passage from the commutative world (where #P n (k) = 1 + q + q 2 + · · · + q n ) to the noncommutative world (where [U (perf dg (P n )) Q ] = n + 1) may be understood as setting q = 1. However, note that if we keep the Frobenius endomorphism (as done in §4), then there is no loss of information when passing from the commutative world to the noncommutative world.
